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Abstract – The out-of-plane response is a complex and at the same time key aspect of the seismic 
vulnerability of masonry structures. It depends on several factors, some of which are the material 
properties, the quality of the walls, the geometry of the structure, the connections between structural 
elements and the stiffness of the diaphragms.   
During the last years, a wide variety of numerical methods has been employed to assess the out-of-
plane behaviour of unreinforced masonry structures. Finite element macro-modelling approaches are 
among the most famous as they allow modelling large structures at a reasonable computational cost. 
However, macro-modelling approaches may result in a non-realistic representation of localized cracks 
and a dependency of the numerical solution on the finite element mesh.  
Mixed strain/displacement finite elements have been recently proposed as a remedy to the above nu-
merical pathologies. Due to the independent interpolation of strains and displacements these finite 
element formulations are characterized by an enhanced accuracy in strain localization and crack prop-
agation problems, being at the same time practically mesh independent. For these reasons, mixed finite 
elements are employed in this work for the out-of-plane assessment of unreinforced masonry struc-
tures, being at the same time their first real-scale application. A full-scale experimental campaign of 
two masonry structures, a stone and a brick one, subjected to shaking-table tests is chosen as reference 
benchmark.  Their structural response under seismic actions is numerically assessed through nonlinear 
static analysis. The proposed approach is validated through the comparison of the numerical results 
with the experimental ones, as well as with the results obtained using standard irreducible finite ele-
ments. 
 
Keywords: Masonry Structures, Out-of-plane loading, Pushover analysis, Cracking, Mixed Finite El-
ements 
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1.  Introduction 
Unreinforced masonry structures are one of the oldest structural typologies that are still 
worldwide inhabited and constitute the majority of the built cultural heritage. However, 
past seismic events have demonstrated that this type of structures is extremely vulnerable 
to horizontal loading (e.g. earthquakes of Umbria-Marche 1997, Kashmir 2005, Pisco 
2007, L’Aquila 2009, Haiti 2010, Christchurch 2011, Lorca 2011, Emilia Romagna 2012, 
Nepal 2015, Central Italy 2016, Lesbos 2017, Mexico 2017). According to several post-
earthquake surveys [1–7], out-of-plane mechanisms are undoubtedly the most crucial 
among the possible failures of unreinforced masonry structures under horizontal loading. 
Nevertheless, the out-of-plane behaviour is one of the most complex and yet inadequately 
addressed topics in the seismic analysis of masonry buildings [8,9]. The reason for this is 
the dependence of the out-of-plane response on several factors, such as the material prop-
erties, the quality of the walls, the geometry of the structure, the connections between 
structural elements and the stiffness of the horizontal diaphragms [10]. 
Engineering efforts towards the assessment of the out-of-plane response of unreinforced 
masonry structures have resulted in the development of several structural analysis meth-
ods and computational tools [11,12]. Although the available methods may significantly 
contribute to the estimation of the seismic safety of existing masonry structures, they still 
lack the capacity  to predict   realistic failure mechanisms and to give a reliable estimate 
of the seismic displacement demand [13].  
From a methodological point of view, the different assessment techniques can be catego-
rized in two main groups: analytical methods and numerical approaches. The former ones 
(e.g. [11,12,22,14–21]) are based on rigid body mechanics and are characterized by high 
efficiency and a low number of variables. Nevertheless, the identification and study of 
the possible collapse mechanisms depends highly on the expertise of the analyst. On the 
other hand, the advance of computational capabilities and methods in the last decades, 
has led to the development of a wide variety of numerical approaches [11,23–25]. The 
selection of an approach upon another is a complex issue, which depends on the field of 
application, the complexity and scale of the structure and the available resources.  
One way to categorize the different numerical strategies is considering the level of the 
simulation scale. Today, there exist numerical approaches that model the distinct nature 
of the constituents of masonry (blocks and mortar), while other techniques consider ma-
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sonry as a homogenous material with average properties. Within the first category of di-
rect numerical simulations, the most common techniques used for the assessment of the 
out-of-plane response of masonry structures are the finite element micro-, meso- and 
multi-scale modelling (e.g. [26–29]), the discrete element method [30–32], and the com-
bined finite-discrete element approach [33]. Although such techniques have proved to be 
very effective in simulating complex phenomena, the difficulties in obtaining the input 
parameters (i.e. exact geometry, large number of material and dynamic properties) and, 
most importantly, their high computational cost hamper their application to large-scale 
structures. 
On the other hand, homogenization procedures are suitable for large-scale applications, 
as they allow computational modelling at a reasonable cost. A wide variety of homoge-
nization techniques can be found in literature, mainly referring to numerical limit analysis 
[34–36], discrete macro-modelling [37] and finite element macro-modelling [38]. 
The finite element macro-modelling approach has been widely used in the last 
decades[23,24,39], and especially for large-scale structures [40–43]. Its main advantages 
are its capability to capture the complete loading history and mechanism formation of a 
structure and its compatibility with modern assessment concepts (displacement-based and 
energy based approaches).  
Despite the aforementioned advantages, finite element techniques still encounter several 
challenges that hinder the assessment of the out-of-plane response of masonry structures. 
In particular, the reliable mesh-independent simulation of crack propagation in quasi-
brittle materials, such as masonry, is still an open issue within the framework of finite 
element methods. In the last decades, numerous attempts have been made in order to 
confront this drawback, adopting mainly two different approaches for the crack simula-
tion: continuous and discontinuous approaches. Within the continuous approach, the fail-
ure process is simulated by the degradation of the material at the constitutive level, while 
within the discontinuous approach, an explicit crack representation is considered and the 
crack is handled as a geometrical discontinuity. For a general overview of these methods, 
references [44–47] are recommended. 
In the framework of the continuous approach, mixed finite elements have been recently 
employed as an alternative remedy to the problem of spurious mesh-dependency [48–52]. 
The main characteristic of the mixed formulation is the independent discrete approxima-
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tion of main mechanical fields of interest. Particularly for the problem of strain localiza-
tion, mixed finite elements are used to independently consider the strain field of the struc-
ture, in addition to the displacements. In this way, an enhanced accuracy for the strains 
(and consequently also for the stresses) is achieved, which is crucial for the quasi-singular 
points that lead the fracture and failure processes. This strategy allows mixed formula-
tions to achieve local convergence, resulting in practically mesh-independent results. 
The performance of the mixed strain/displacement formulation has been tested under sev-
eral experimental and theoretical problems both in 2D and 3D including Mode I, Mode 
II, Mode III and mixed Mode fracture [49–54]. Mixed finite elements have shown to be 
capable of overcoming many of the challenges related to strain localization problems, 
providing accurate and practically mesh-independent solutions, without the need of aux-
iliary crack tracking techniques that are inherent in many discrete and continuous finite 
element crack approaches [47]. Another important advantage is the possibility to use 
mixed finite elements with any constitutive law (i.e. plasticity or damage) since their for-
mulation follows the classical local constitutive mechanics framework. 
The aim of this work is to explore the capabilities of the mixed strain/displacement FE 
formulation to assess the out-of-plane seismic response and failure mechanism of two 
real-scale masonry structures. The full-scale shaking table tests of two unreinforced ma-
sonry mock-ups carried out in reference [55] are chosen as benchmark, and the effect of 
the seismic action is simulated through non-linear static analyses. In order to evaluate the 
efficiency of the proposed approach, the results are compared with the experimental ones 
in terms of collapse mechanism and load capacity. The presented analyses are the first 
application of the mixed finite elements to the simulation of real-scale structures. The 
enhanced performance of the mixed formulation is validated through their comparison 
with the results obtained using standard irreducible finite elements. 
The outline of the paper is as follows. Section 2 summarizes the mixed finite element 
formulation and Section 3 outlines the adopted isotropic damage constitutive model. Sec-
tion 4 presents the numerical simulations of the masonry structures and their comparison 
with the experimental results and numerical analysis using standard irreducible finite el-
ements. Section 5 includes a comparative study of mesh-dependence using standard and 
mixed finite elements for in-plane and out-of-plane loading. Finally, the conclusions of 
the study are summarized in Section 6. 
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2.  Mixed Finite Elements 
2.1 Formulation of the mixed finite elements 
In this section, the matrix formulation of the mixed strain/displacement finite elements is 
briefly described, while a detailed presentation can be found in reference [53]. The matrix 
and vector notation adopts Voigt’s convention for symmetric tensors. 
2.1.1 Variational form 
In a 3D problem, the displacements, the strains, the stresses and the body forces at a cer-
tain point can be noted as vectors: 𝒖 = (𝑢, 𝑣, 𝑤)𝑻, 𝜺 = (𝜀𝑥, 𝜀𝑦, 𝜀𝑧, 𝛾𝑥𝑦, 𝛾𝑦𝑧, 𝛾𝑥𝑧)
𝛵
, 𝝈 =
(𝜎𝑥, 𝜎𝑦, 𝜎𝑧, 𝜏𝑥𝑦, 𝜏𝑦𝑧, 𝜏𝑥𝑧)
𝑇
 and 𝒇 = (𝑓𝑥, 𝑓𝑦, 𝑓𝑧)
𝑇
 respectively. The mechanical boundary 
value problem is defined in terms of these magnitudes, related through the compatibility, 
equilibrium and constitutive equations, as well as by the boundary conditions. Displace-
ments and strains are locally related through the compatibility equations 
𝜺 = 𝓢𝒖 (1) 
where 𝓢 is the symmetric gradient operator. 
The stresses and body forces are related through Cauchy’s equilibrium equation 
𝓢𝑇𝝈 + 𝒇 = 𝟎 (2) 
where 𝓢𝑇 is the divergence operator. The stresses and the strains are associated through 
the constitutive equation 
𝝈 = 𝑫𝑆𝜺 (3) 
where 𝑫𝑆 is the secant constitutive matrix. 
In the mixed strain/displacement formulation presented herein, the strains are considered 
as unknowns in addition to the displacements. Therefore, the strong form can be obtained 
by pre-multiplying equation (1) with the secant constitutive matrix 𝑫𝑆 and introducing 
equation (3) into (2) 
−𝑫𝑆𝜺 + 𝑫𝑆𝓢𝒖 = 𝟎 (4) 
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𝓢𝑇(𝑫𝑆𝜺) + 𝒇 = 𝟎. (5) 
Equations (4) and (5), together with the proper boundary conditions of the problem com-
pose the strong form of the mixed formulation. These are acting on the boundary Γ of the 
body, either as prescribed displacements Γu or as prescribed tractions Γt. 
Note that further substitution of equation (4) into equation (5) would eliminate the strains 
as independent unknowns, and yield the standard formulation in terms of displacements 
only. 
The variational form can be obtained in two steps. First, by pre-multiplying equation (4) 
with an arbitrary virtual strain vector 𝛿𝜺 and integrating over the spatial domain Ω, and 
second, by pre-multiplying equation (5) with an arbitrary virtual displacement 𝛿𝒖 and 
integrating over the spatial domain Ω. Then, the Divergence Theorem is used in the later 
equation, while the boundary conditions on Γu are assumed, for simplicity, 𝒖 = 𝟎. The 
nontrivial case 𝒖 = ?̅? on 𝛤𝑢, can be accommodated following standard arguments. Thus, 
the variational form of the problem is 
− ∫ 𝛿𝜺𝛵𝑫𝑆𝜺dΩ + ∫ 𝛿𝜺
𝛵𝑫𝑆𝒮𝒖dΩ
𝛺
= 0  ∀𝛿𝜺
𝜴
 (6) 
∫ (𝓢𝛿𝒖)𝑇(𝑫𝑆𝜺)dΩ
𝛺
= ∫ 𝛿𝒖𝑇𝒇dΩ
𝛺
+ ∫ 𝛿𝒖𝑇?̅?dΓ
𝛤𝑡
  ∀𝛿𝒖. (7) 
Summarizing, the weak form of the mixed problem is to find the unknowns 𝒖 and 𝜺 that 
verify the system of equations (6)-(7) and the boundary conditions imposed on Γu and Γt. 
2.1.2 Finite element approximation and stabilization 
In the discretized domain (Ω=∪Ωe) of the finite element approximation, displacements 𝒖 
and strains 𝜺 are approximated by 
𝒖 ≅ ?̂? = 𝑵𝑢𝑼 (8) 
𝜺 ≅ ?̂? = 𝜨𝜀𝜠 (9) 
where 𝑼 and 𝑬 are the displacements and strains, respectively, at the nodes of the finite 
element mesh, while 𝑵𝑢 and 𝜨𝜀  are the interpolation functions adopted in the finite ele-
ments. 
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If equal interpolations are considered for the strains and the displacements in equation (8) 
and (9) the solvability and the stability of the problem is not verified since the Inf-Sup 
condition [56] is not satisfied. Therefore, a stabilization technique is used in order to cir-
cumvent this problem, and ensure the necessary stability via the Orthogonal Subscales 
Method [48]. 
Specifically, this is achieved by substituting the approximated strains with the following 
form instead of using equation (9) 
𝜺 ≅ ?̂? = 𝜨𝜀𝜠 + 𝜏𝜀(𝜝𝑢𝑼 − 𝑵𝜺𝜠) = (1 − 𝜏𝜀)𝜨𝜀𝜠 + 𝜏𝜀𝑩𝑢𝑼 (10) 
where 𝜝𝑢 is defined as 𝜝𝑢 = 𝓢𝑵𝑢, and τε is a stabilization parameter that ranges from 0 
to 1. Note that this stabilization technique is fully consistent, as the stabilization form 
consists of the residual of equation (1). This means that the stabilization term 
(𝜝𝑢𝑼 − 𝑵𝜺𝜠) tends to zero on mesh refinement. Observe that for 𝜏𝜀 = 0 the stabilization 
effect is lost, while for 𝜏𝜀 = 1 the standard irreducible formulation is recovered. 
Intermediate values of the stabilization parameter represent alternative blending between 
the purely mixed and the irreducible FE forms. 
Substituting equations (8) and (10) into the variational form of the problem, the system 
of equations of the stabilized mixed problem, written in matrix form, emerges as 
[
−𝑴𝝉 𝑮𝝉
𝑮𝝉
𝑇 𝜥𝝉
] [
𝜠
𝑼
] = [
𝟎
𝑭
] (11) 
such that 
𝑴𝝉 = (1 − 𝜏𝜀) ∫ 𝑵𝜺
𝜯𝑫𝑆𝑵𝜺dΩ
𝜴
 (12) 
𝑮𝝉 = (1 − 𝜏𝜀) ∫ 𝑵𝜺
𝜯𝑫𝑆𝑩𝒖dΩ
𝜴
 (13) 
𝜥𝝉 = 𝜏𝜺 ∫ 𝜝𝒖
𝜯𝑫𝑆𝑩𝒖dΩ
𝜴
 (14) 
𝑭 = ∫ 𝜨𝒖
𝑻𝐟dΩ
𝜴
+ ∫ 𝑵𝒖
𝑻𝐭d̅Γ
𝜞𝒕
 (15) 
where [𝑬 𝑼]𝑇 are the strains and displacements at the nodes of the mesh, the unknowns 
of the algebraic problem to be solved. 
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3.  Continuum damage model 
An isotropic continuum damage model is adopted [57] for modelling of the non-linear 
behaviour of the material.  
In this model, an internal damage index d describes at constitutive level the material deg-
radation. This scalar-type variable ranges from 0 for an intact material to 1 for a com-
pletely damaged one. The constitutive equation is described as 
𝝈 = 𝑫𝑆𝜺 = (1 − 𝑑)𝑫0𝜺 = (1 − 𝑑)?̅? (16) 
where the effective stress ?̅? is introduced as ?̅? = 𝑫0𝜺, corresponding to the hypothesis of 
strain equivalence [58].  
The damage criterion, F, is 
F(𝜎𝑒𝑞, 𝑟) = 𝜎𝑒𝑞(?̅?) − 𝑟 ≤ 0 (17) 
where 𝜎𝑒𝑞(?̅?) is the equivalent effective stress defining the adopted failure surface, and r 
is the current stress-like threshold, described in the following.  
A simple Rankine failure criterion is adopted in this study, triggering only tensile damage. 
The equivalent effective stress is then defined as 
𝜎𝑒𝑞(?̅?) = 〈?̅?1〉 (18) 
where ?̅?1is the maximum principal effective stress, while 〈∙〉 stands for the Macaulay 
brackets (〈𝑥〉 = 𝑥 if 𝑥 ≥ 0, 〈𝑥〉 = 0 if 𝑥 < 0). 
The initial value of the stress-like damage threshold r is equal to the tensile strength of 
the material 𝑟0 = 𝑓𝑡, while it is explicitly updated at every step of the analysis ?̂? in order 
to consider the loading history and guarantee the irreversibility of damage 
𝑟 = max (𝑟0, max𝜎𝑒𝑞(?̂?))       ?̂? ∈ [0, 𝑡]. (19) 
An exponential softening law is adopted for describing the evolution of the damage index 
𝑑 = 𝑑(𝑟) = 1 −
𝑟0
𝑟
𝑒𝑥𝑝 (−2𝐻𝑠
𝑟 − 𝑟0
𝑟0
) (20) 
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where 𝐻𝑠 ≥ 0 is the discrete softening parameter, taking into account the fracture energy 
of the material 𝐺𝑓 and the characteristic finite element width 𝑏, ensuring mesh-size ob-
jective results according to the crack-band theory [59]. It is defined as 
𝐻𝑠 =
?̅?𝑠𝑏
1 − ?̅?𝑠𝑏
 (21) 
where ?̅?𝑠 is the inverse of the material length ℒ 
?̅?𝑠
−1
= ℒ =
2𝐸𝐺𝑓
(𝑓𝑡)2
. (22) 
4.  Numerical simulation of two masonry structures 
In this section, the mixed finite element formulation is applied for the first time to the 
analysis of two real-scale masonry structures, which were tested in an experimental cam-
paign by Candeias et al. [55].  
The experimental campaign was carried in the National Laboratory of Civil Engineering, 
in Lisbon, Portugal and included two masonry structures, a brick one and a stone one, 
subjected to shaking-table seismic motion. The mock-ups have a non-symmetric U-shape 
plan and are composed of three walls. These are the façade with a central opening facing 
east, and two transversal walls with the south one being blind and the north one having a 
window opening. A lime-based mortar was used for the construction for both mock-ups, 
while cement was added to the mortar used at the base, to ensure the connection of the 
structures with the shaking table. The detailed geometry of the two mock-ups is presented 
in Figure 1a,b, while the reader is referred to the original work for more information on 
the geometrical characteristics [55]. Both mock-ups were subjected to a sequence of uni-
directional seismic loadings with increased Peak Ground Acceleration (PGA) (referred 
hereafter as TEST01-08) up to collapse, with a direction perpendicular to the façade.  
Figure 2 presents the damage evolution at the end of some test sequences. Significant 
torsional effects, due to the asymmetric configuration of the openings, characterized the 
dynamic response of both structures. Concerning the brick structure, damage started de-
veloping at TEST05 and was already important at TEST07. The failure mechanism in-
volved the out-of-plane collapse of the gable, together with the in-plane failure of the 
north return wall (both spandrel and piers). Additionally, the northern part of the gable 
experienced a local collapse. In the case of the stone structure, cracking initiated during 
the first two imposed seismic ground motion records (TEST01-02), and it consolidated 
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during TEST03 and TEST05. The developed collapse mechanism involved a portion of 
the south part of the façade, the gable, the northeast corner, the spandrel of the window 
and the northwest pier. Especially for the stone structure, the high unit-to-structure size 
ratio and the big stones used as lintels played a decisive role to its structural behaviour, 
affecting both the local crack patterns and the developed collapse mechanisms. Finally, 
brick and stone structures experienced large displacements of 136.5 mm and 218.5 mm, 
respectively at the top of the gable, with a dominating rocking response after the failure 
mechanisms were formed. 
 
 
Figure 1 Geometry of (a) the brick structure and (b) the stone structure (Units in meters. Figure 
adapted from Candeias et al. [55]). 
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Figure 2 Damage evolution and collapse mechanism for (a) the brick structure, and (b) the stone 
structure (Figure adapted from Candeias et al. [55]). 
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The aforementioned experimental campaign is simulated in this work with the mixed 
strain/displacement finite element formulation. The numerical models aim to capture the 
structural response of the two mock-ups by means of nonlinear equivalent static analysis, 
while the nonlinear dynamic analysis of the tests will be addressed in a future work. De-
spite the known limitations of pushover analysis, such as the not consideration of the 
inertial phenomena and the cyclic nature of earthquake actions, it is widely regarded as a 
computationally efficient alternative to nonlinear dynamic analysis. For this reason, push-
over analysis is included in several standards [60–62] and is commonly used for the esti-
mation of the seismic response of masonry structures (e.g. [41,43,63–65]).  
In the following, the load is applied perpendicular to the façade in both positive +X (re-
ferred to as the “Pulling” case hereafter) and negative –X (referred to as the “Pushing” 
case hereafter) directions (see Figure 3 for the +X direction). The effect of the seismic 
action is simulated as an “equivalent” mass-proportional horizontal body force, applied 
after the application of the self-weight. The use of an isotropic damage model, described 
in Section 3 is justified by the monotonic nature of the applied loading and the absence 
of reported brick or stone crushing. The extension of this model to consider orthotropic 
induced damage and irreversible deformations in the case of cyclic and dynamic loading 
is feasible as described in Barbat et al. [54] and Saloustros et al. [66]. 
 
 
Figure 3 Adopted finite element meshes for the brick (left) and the stone (right) structures. 
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The material properties used in the simulations (shown in Table 1) are the ones provided 
by the experimental campaign [55], and were obtained by testing six wallets for each 
building, in vertical and diagonal compression. It should be noted that the fracture energy 
was not given by the experiment and values are adopted according to Lourenço [67], as 
in Chácara et al. [68] and Cannizzaro & Lourenço [69]. The calibration of the value of 
the fracture energy according to the experimental results using a reverse engineering ap-
proach is out of the scope of this work. The investigation of the capacity of the mixed FE 
formulation  to predict the out-of-plane behaviour of masonry structures and to the cor-
rectly identify of the collapse mechanisms is carried out using typical values of fracture 
energy that are commonly adopted when experimental results are not available. 
 
Table 1 Mechanical Parameters for the brick and stone structures 
 
Young’s 
Modulus 
(GPa) 
Specific 
Mass 
(kg/m3) 
Poisson’s 
Ratio 
Tensile 
Strength 
(MPa) 
Tensile 
Fracture 
Energy 
(N/m) 
Brick 5.17 1890 
0.2 
0.102 12 
Stone 2.08 2360 0.224 48 
 
3D hexahedra solid elements with linear/linear interpolations are used for the discretiza-
tion of the structure, while the integration points are set at the nodes of the elements. A 
structured mesh is constructed consisting of approximately 0.1 x 0.1 m2 elements over the 
plane of the walls, while 4 and 2 elements across their thickness are used in the façade 
and the return walls, respectively. This mesh size has been chosen after performing the 
proper sensitivity analysis of the results with respect to mesh refinement (see [70]). The 
difference in the number of elements per thickness of the façade and return walls is due 
to the fact that the first is subjected mainly to out-of-plane bending, which results in 
stresses and strains variation across the thickness. On the contrary, the two return walls 
are subjected mainly to in-plane loading that does not produce significant stresses and 
strains variation across the thickness of the wall. The final models are illustrated in Figure 
3, composed of 5100 and 4712 elements for the brick and the stone structure, respectively. 
A stabilization parameter 𝜏𝜀 = 0.1 is used in all the simulations. Finally, it should be 
noted that in the pushing cases of the analyses (-X), the first two layers of elements at the 
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base are set to have a linear elastic behaviour. This choice intends to replicate the use of 
cement mortar at the base of the mock-ups, which aimed to prevent a possible sliding 
between the structure and the shake table [55].  
Calculations are performed using the finite element program COMET [71,72], while the 
pre- and post-processing is done using GiD [73] both developed at CIMNE, Barcelona 
(International Centre for Numerical Methods in Engineering). The analyses are per-
formed using an arc-length strategy in order to capture any possible snap-back response. 
Convergence of a load step increment is attained when the ratio between the norm of 
residual forces and the norm of the total external forces is lower than 10-2 (1%). 
4.1 Brick Structure 
4.1.1 Pushover analysis of the brick structure 
Figure 4 presents the base shear force against the horizontal displacement at the top of 
the gable wall curve for the Pushing (-X) and the Pulling cases (+X). The structure pre-
sents a higher capacity when loaded towards -X direction (Pushing) than towards +X 
(Pulling). This is due to the beneficial effect of the return walls, which act as buttresses 
restraining the rotation of the façade during its pushing. 
 
 
Figure 4 Base shear force against horizontal displacement at the top of the gable of the brick 
structure for both the Pulling (+X) and Pushing (-X) cases. 
 
Figures 5a and 5b illustrate the strain localization process occurring during the Pulling 
(+X) of the brick structure at the peak load and at the end of the analysis, respectively. 
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Initially, the structure responds almost elastically until reaching a value of the base shear 
of around 40 kN. At that point, damage develops and stiffness starts to decrease, until a 
peak load of around 60 kN. Figure 5a shows the open cracks (for elements with 𝜀𝑚𝑎𝑥 ≥
1.97 10−5) at this stage of the analysis, through the contour of the maximum principal 
strain. At the façade, strain is localized at the west side of its base, which is caused by its 
vertical bending. A diffused strain field with high values also appears at the gable of the 
façade, without however showing any localization at this stage of the analysis. The out-
of-plane loading of the façade results in the initiation of two cracks at the connections 
with the return walls, especially at the top part. Regarding the return walls, both are 
slightly damaged at the west side of their base, due to their in-plane bending. Contrary to 
the south wall, the presence of a window opening in the north wall makes it more suscep-
tible to damage. More specifically, diagonal shear cracks appear at the two corners of the 
window, whereas cracking exists at the top east side of the spandrel.  
After reaching the peak load, the structure shows a very brittle response with significant 
loss of load capacity. This is due to the extension of the damage at the north return wall 
resulting in local collapse mechanisms. More specifically, the spandrel is the first com-
pletely damaged element, with two cracks propagating at its two sides. At this point, the 
structure presents some residual strength, while the façade is bending horizontally as a 
cantilever due to the loss of its constraint at the north side. The northeast corner of the 
structure is weakly supported, as it has lost in succession the resistance of the spandrel, 
of the east pier in the north return wall (due to the diagonal crack) and finally, of its base, 
due to the flexural crack at the base of the façade. As a result, a second significant loss of 
load capacity appears for a displacement of 1.65 mm, which corresponds to the develop-
ment of a diagonal crack that connects the north lower and south upper corners of the 
façade, crossing the window (Figure 5b). The complete development of this crack marks 
the formation of the collapse mechanism of the façade, and therefore, the top of the gable 
presents large displacements with very low resistance, until the crack propagates across 
the thickness of the façade and equilibrium is lost.  
In the end of the analysis, the collapse mechanism of the structure is composed by three 
macro-elements. Namely the west pier of the north return wall, the spandrel of the north 
wall and the northeast corner, which includes the east pier of the north return wall and the 
upper north part of the façade (Figure 5b). 
 
Out-of-plane seismic response and failure mechanism of masonry structures using FE with enhanced strain accuracy 
 - 16 - 
 
Figure 5 Contour of the maximum principal strains for the brick structure at different instances 
corresponding to the points of Figure 4: (a) A1 Pulling (+X), (b) A2 Pulling (+X), (c) B1 Pushing 
(-X) and (d) B2 Pushing (-X). 
 
Regarding the Pushing (-X) case, the structure responds almost elastically up to a base 
shear force of 60 kN. From that stage of the analysis until the maximum capacity of 90 
kN is reached, cracking develops simultaneously in several parts of the structure, as 
shown in Figure 5c. More specifically, the out-of-plane bending of the façade results in 
the first crack at its east base. As this crack develops, the return walls provide the only 
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restriction to the out-of-plane movement of the facade. This beneficial action of the return 
walls changes the cracking pattern compared to the pulling case and results in vertical 
cracking at the gable above the window and at the corner connections of the façade with 
the return walls. Diagonal cracks also appear at the lower corners of the window. At the 
same time, significant in-plane damage occurs at the north return wall, due to the weak-
ness introduced by the window. In particular, cracks at the both sides of the spandrel 
interrupt its connection with the piers, while a diagonal shear crack develops at the west 
lower corner of the window. 
After the peak load, the propagation of the cracks at the spandrel and the west pier of the 
north wall produce a local failure (Figure 5d). The formation of this local collapse mech-
anism results in the loss of the equilibrium and marks the end of the analysis. Conse-
quently, any further response at the softening region is not captured, due to lack of con-
vergence of the equilibrium iterations. 
4.1.2 Comparison with Experimental Results 
The performance of the proposed approach is assessed in the following in terms of col-
lapse mechanism and load capacity, through the comparison of the obtained numerical 
results with the results of the experimental campaign. Note that such a comparison is not 
straightforward for several reasons. First, as identified by [74], the characteristics of the 
ground motions, which are not considered in pushover analyses, may significantly influ-
ence the out-of-plane behaviour of the specimen. Second, the shaking table test provokes 
cyclic loading with dynamic effects taking place, while the non-linear static analysis is 
intrinsically monotonic and neglects inertial or damping effects. Third, the experimental 
procedure included a sequence of 8 steadily increasing excitations (TEST01-08) until the 
collapse of the structure. Therefore, damage was accumulated at every TEST, while the 
numerical analysis involves only one monotonic excitation until the loss of equilibrium. 
In the following, the presentation of the experimental collapse mechanism is followed by 
its comparison with the numerical results. 
The main failure mechanism of the brick mock-up involved a part of the gable wall and 
a big portion of the north return wall (Figure 2a), while a secondary local failure mecha-
nism involved a part of the gable. More specifically, the main failure mechanism was 
already developed during the TEST07 as can be seen in Figure 2a, and involved four 
macro-elements: the northwest pier of the north return wall, the spandrel of the north 
return wall, the northeast corner and finally the gable of the façade. Consequently, during 
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TEST08, the aforementioned mechanism was already formed and presented a rocking 
response. This rocking response, which was governed by torsional effects, was more in-
tense at the north side, and therefore caused the formation of the secondary mechanism 
at the north part of the gable. 
 
 
Figure 6 Comparison of the experimental collapse mechanism of the stone structure with the 
numerical one. (a) The experimental collapse mechanism (Figure adapted from Mendes et al. 
[76]), (b) maximum principal strains (top), displacements (middle) contour and crack surface 
(bottom) at point A2 of Figure 4, and (c) maximum principal strains (top), displacements contour 
(middle) and crack surface (bottom) at point B2 of Figure 4. 
 
The mock-up appeared to be more vulnerable in the outward direction of the façade (+X), 
both before and after the complete formation of the mechanism [55], which is in agree-
ment with the results of the proposed model, as discussed previously and shown in Figure 
5. Figure 6 presents a comparison of the experimental mechanism [75] (shown in Figure 
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6a) and the results obtained for the pulling and pushing cases, respectively, with the pro-
posed approach (shown in Figure 6b,c). The crack surface, shown in Figure 6, represents 
the location of the predominant cracks that divide the structure in different macroele-
ments. This contour is obtained by plotting the isosurface of the displacements for a se-
lected at each case displacement threshold. In general, it can be appreciated that the ob-
tained collapse mechanism is in good agreement with the experimental results. Regarding 
the north return wall, both analyses towards the ±X directions predict correctly the in-
plane collapse mechanism and crack pattern. The numerical models capture also the out-
of-plane failure of the top part of the façade and the northeast corner, with some differ-
ences that are discussed in the following.  
Firstly, the numerical models do not predict the diagonal crack at the northern part above 
the window in the façade (see Figure 6a), which resulted in the collapse of the gable 
during the experiment. This cracking might have been provoked in the experiment by the 
presence of a wooden lintel above the window, which has not been considered in the 
numerical analyses. Secondly, there is a difference of the crack propagation at the north-
east corner. The experimental structure develops a horizontal crack following the mortar 
joints and connecting the low corners of the two windows of the façade and the north 
wall, while the numerical model develops two diagonal cracks starting at the corners of 
the windows and joining at the lowest point of the corner. On the one hand, this difference 
may be due to the orthotropic behaviour of the brick masonry, which is not considered by 
the adopted isotropic elastic and damage models. In cases where the distinct linear and 
nonlinear directional properties of masonry are known, orthotropic damage models can 
be used to simulate the distinct response of masonry vertical and parallel to the mortar 
joints (e.g. [76,77]). On the other hand, the numerical results for the Pushing case (-X) 
could predict this horizontal crack (see Figure 5c,d). This implies that the experimentally 
obtained collapse mechanism is the result of the cumulative damage during the cyclic 
loading of the mock-up. 
According to Candeias et al. [55], the collapse mechanism of the brick structure started 
to form at TEST05 and was completed at TEST07. The values of the base shear corre-
sponding to the PGAs’ of these two experimental tests have been plotted together with 
the pushover curves in Figure 7. The graphs show a good correlation between the exper-
imental and the numerical results for the Pulling case, with a collapse mechanism similar 
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to the experimental one. For this case, the initiation of the collapse mechanism coincides 
with the beginning of the stiffness degradation and its completion with the peak load. 
 
 
Figure 7 Comparison of base shear force against horizontal displacement at the top of the gable 
of the brick structure with the base shear values corresponding to the experimental PGAs of 
TEST05 and TEST07.  
4.1.3 Comparison with Standard Finite Elements 
This subsection investigates the enhanced accuracy of the proposed mixed formulation 
by comparing the results with the ones obtained using a standard irreducible finite ele-
ment formulation, where displacements are the only unknowns of the finite element prob-
lem. Figure 8a compares the obtained capacity curves and Figure 8b the damage distribu-
tion at a specific step of the analysis with the use of mixed (top row) and standard (bottom 
row) finite element formulations.  
The two capacity curves present differences in stiffness, load capacity and post-peak re-
sponse. In particular, the standard finite element formulation predicts a higher stiffness 
of around 15% and 8%, and a higher load capacity of around 10% and 6% compared to 
the mixed formulation for the Pulling and the Pushing case, respectively.  Additionally, 
the use of standard finite elements results in a higher residual strength at the post-peak 
region comparable to that obtained with the mixed formulation. Regarding the load pre-
dictions obtained from the most vulnerable Pulling case, the standard formulation predicts 
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a higher capacity of 4.45% compared to the experimental one, while the mixed formula-
tion gives a more conservative prediction of 5.21% lower than the maximum acceleration 
that the structure experiences during TEST05. 
 
Figure 8 Comparison of results obtained with the mixed and standard formulation for the brick 
structure, in terms of (a) base shear force against horizontal displacement at the top of the gable, 
and (b) maximum principal strains contour at the numerical step depicted by the points on the 
graph for the mixed (top) and the standard (bottom) formulations for the Pulling case. 
 
A closer look at the strain fields and crack propagation, shown in Figure 8b, highlights 
better the difference between the two finite element formulations. In the case of the stand-
ard FE formulation, the crack propagating from the low east corner of the window in the 
return wall cannot join the crack that has developed at the base of the façade. In particular, 
the crack direction at the northeast corner of the mock-up follows the mesh direction and 
spurious horizontal cracking appears at the third layer of elements from the base. This 
erroneous prediction of the crack direction hampers the evolution of the collapse mecha-
nism and increases unrealistically the capacity and post-peak residual strength of the an-
alysed structure. Mesh directionality biases the crack propagation also in the spandrel of 
the north wall, where the diagonal shear cracking is not predicted by the standard finite 
element formulation. On the contrary, the results with the mixed formulation seem to be 
practically mesh-independent, avoiding the aforementioned incorrect predictions of the 
structural response and damage pattern. 
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4.2 Stone Structure 
4.2.1 Pushover analysis of the stone structure 
Figure 9 presents the structural response of the stone structure in terms of base shear force 
against horizontal displacement at the top of the cable. Similar to the brick mock-up, the 
structure appears to be more vulnerable in the +X direction (Pulling case). 
 
Figure 9 Base shear force against horizontal displacement at the top of the gable of the stone 
structure for both the Pulling (+X) and Pushing (-X) cases. 
 
Starting with the Pulling case (+X), the structure responds almost elastically until a base 
shear force of around 150 kN is reached. At that point, damage initiates and stiffness starts 
to decrease up to a peak load of around 230 kN is obtained. Figure 10a illustrates the open 
cracks (for elements with 𝜀𝑚𝑎𝑥 ≥ 1.07 10
−4) at the peak load, through the contour of the 
maximum principal strain. Cracking exists at the base of the façade due to its vertical 
bending, while the tympanum presents a diffused high strain field. The out-of-plane load-
ing of the façade results also in cracks at the connections with the return walls, especially 
at the top corners. Both return walls present some cracking at the west side of their base, 
due to their in-plane loading, while the north return wall is more vulnerable, with high 
concentration of strains around the window opening. More specifically, there is a crack 
starting at the low east corner of the window propagating diagonally towards the northeast 
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corner. Moreover, a diagonal crack initiates at the northwest corner of the window. Fi-
nally, the spandrel presents significant strain concentration at its top east area.  
 
 
Figure 10 Contour of the maximum principal strains for the stone structure at different instances 
corresponding to the points of Figure 9: (a) A1 Pulling (+X), (b) A2 Pulling (+X), (c) B1 Pushing 
(-X) and (d) B2 Pushing (-X). 
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Following the peak load, damage occurs at several locations of the structure. In particular, 
a vertical crack initiates at the north corner of the door and the connection of the façade 
with the blind return wall presents significant strain concentration. Another critical area 
is the top east part of the spandrel. Finally, the west pier of the north return wall develops 
significant strains at both the base and the top leading to a brittle failure. Due to the brittle 
failure of the west pier caused by the propagation of two cracks, the structure notably 
loses its load capacity and significant stress redistribution occurs. The area of the spandrel 
at the north wall unloads and the whole structure presents an important torsional response. 
Moreover, the diagonal crack at the east pier of the north return wall advances signifi-
cantly, meeting the crack at the base of the north part of the façade. The above crack 
propagation provokes a local mechanism at the west pier, while a big portion of the north-
east corner (including the spandrel, the east pier of the return wall and the north part of 
the facade) connects with the south part of the structure only through the gable of the 
façade. The increase of the displacements, amplifies the torsional response and a crack 
appears at the south top corner of the door and extends until the south top corner of the 
structure. Consequently, the northeast corner of the structure loses the connection with 
the south return wall. Figure 10b shows the open cracks at the end of the analysis (point 
A2 in Figure 9). 
In the Pushing case (-X), the response is almost elastic until a base shear force of around 
250 kN is attained, while the maximum capacity is of around 325 kN. During this part of 
the analysis, cracking develops simultaneously in two locations of the structure, in par-
ticular at the base of the façade due to its vertical bending, and at the north wall (Figure 
10c). The post-peak response of the structure is determined by the propagation of two 
diagonal cracks at the north wall, causing a loss of load capacity and a brittle failure of 
the north-west corner, as shown in Figure 10d. At that point, the local collapse of the west 
part of the north return wall occurs and the local equilibrium is lost leading to the end of 
the analysis. Similar to the brick mock-up for the Pushing case, the analysis ends due to 
the loss of the stability of the west pier in the north wall and no further softening response 
is captured. 
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4.2.2 Comparison with Experimental Results 
As with the brick structure, the performance of the proposed simulation is investigated 
by comparing the obtained results with the experimental ones in terms of collapse mech-
anisms and load capacity. Before this, a brief summary of the experimental response and 
failure is presented, in order to facilitate the comparison with the numerical results. 
According to Candeias et al. [55], an initial damage state was observed in the structure 
before the initiation  of the experiment. This was a horizontal crack along the mortar joints 
above the first course of stones at the south return wall up to the door of the façade and 
some additional minor cracks at the northern side of the façade, represented with the light 
blue line in Figure 2b. Besides that, the structure started developing cracks during 
TEST03 and TEST04, while TEST05 marked its ultimate state. Already at TEST04, the 
damage extended at the north return wall, with cracks starting from the corners of the 
window and developing diagonally towards the corners of the wall. Additionally, signif-
icant damage was observed at the façade, dividing it into four parts: north pier, spandrel 
and two parts in the south pier. The formation of the collapse mechanism during TEST05 
is described in the following. First, the top west corner of the north wall detached due to 
the impulses of the lintel above the window. The corresponding pier presented a rocking 
in-plane response facilitated by a diagonal crack at its base and the failure of the top 
corner. The northeast corner rocked in-plane due to the propagation of a diagonal crack 
from the base of the window towards the northeast lower corner. Subsequently, it split 
into two parts by diagonal cracks. Finally, the façade presented an out-of-plane rocking 
behaviour with a diagonal crack at its south pier and an approximately horizontal crack 
near the base at its north pier. The middle part of the gable was also separated from the 
piers due to vertical cracking occurring at both sides of the lintel. The collapse of the 
structure is determined by its torsional response, due to the weak north side wall, the high 
unit-to-structure size ratio, and the significant impact of the big lintels, which either sta-
bilized or ‘hammered’ parts of the structure. 
Once more, the outwards (+X) direction appeared to be more vulnerable during the ex-
periment [55] and this is correctly predicted by the numerical simulations as shown in 
Figure 9. Figure 11 presents a comparison of the experimental mechanism [75] (shown 
in Figure 11a) and the results obtained for the Pulling (Figure 11b) and Pushing (Figure 
11c) cases with the proposed approach. Considering the results of both the Pulling and 
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Pushing cases, the numerical model reproduces correctly the main aspects of the experi-
mental collapse mechanism, while some differences exist due to micro-scale phenomena. 
In the experiment, the effect of the lintel at the north return wall changed the initial mech-
anism at the northeast pier, by restraining the evolution of the crack at the lower corner 
of the window and inducing a diagonal crack that divided it in two parts.  Moreover, the 
lintel of the door played also an important role, since it provoked two vertical cracks at 
its sides. Finally, the high unit size caused a distributed damage pattern at the façade, 
while the numerical model could only provide localized damage patterns. 
 
Figure 11 Comparison of the collapse mechanism formed for the stone structure with the numer-
ical predicted one. (a) The experimental collapse mechanism (Figure adapted from Mendes et al. 
[76]), (b) maximum principal strains (top), displacements contour (middle) and crack surface 
(bottom) at point A2 of Figure 9, and (c) maximum principal strains (top), displacements contour 
(middle) and crack surface (bottom) at point B2 of Figure 9. 
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Figure 12 Comparison of base shear force against horizontal displacement at the top of the gable 
of the stone structure with the corresponding experimental PGAs of TEST03 and TEST05. 
 
Candeias et al. [55] describe that the collapse mechanism of the stone structure started to 
form during TEST03, while TEST05 marked its completion. Similar to the brick mock-
up structure, the base shear values corresponding to the PGAs of these two TESTs are 
reported together with the capacity curves of the numerical model in Figure 12. More 
specifically, the black dashed line corresponding to TEST03 highlights the damage initi-
ation (stiffness degradation) of the structure, while the red continuous one depicting 
TEST07 indicates the load peak at which the mechanism is formed. As for the brick struc-
ture, the experimental and numerical results correspond for the most vulnerable Pulling 
(+X) direction. 
4.2.3 Comparison with Standard Finite Elements 
Figure 13 shows the results of the mixed finite element formulation along with those 
obtained with the standard one. As for the brick mock-up, the standard formulation results 
in increased stiffness of around 8%, higher load capacity of around 13% and higher re-
sidual strength for the Pulling case (+X). In the Pushing case (-X), the increase of the 
stiffness given by the standard formulation is again 8%, while minor differences are ob-
served in the base shear force against horizontal displacement graphs between the two 
formulations. Interestingly, and despite these similarities in the Pushing case, the two FE 
formulations predict a different final collapse mechanism, as shown in Figure 13b. In 
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particular, in the standard irreducible formulation the mesh orientation biases the propa-
gation of a crack along the whole base of the north return wall. In this case, the analysis 
stops due to a sliding failure at the base of the structure, while in the mixed FE formulation 
due to a local mechanism at the north return wall, as discussed in Section 4.2.1. The ori-
entation of the finite element mesh erroneously affects the predictions regarding the col-
lapse mechanism of the standard FE formulation. This case demonstrates again the direc-
tional mesh-bias dependency of standard finite elements and its effect in the prediction of 
inaccurate collapse mechanisms. 
Similar to the results of the brick structure, the mixed formulation predicts also for this 
case a more conservative load capacity for the most vulnerable Pulling Case. This has a 
difference of 2.69% comparing to the experimental one, while the standard formulation 
predicts a higher load capacity of 15.90% compared to the maximum acceleration applied 
to the structure during TEST05. 
 
Figure 13 Comparison of results obtained with the mixed and standard formulation for the stone 
structure, in terms of (a) base shear force against horizontal displacement at the top of the gable, 
and (b) maximum principal strains contour at the numerical step depicted by the points on the 
graph for the mixed (top) and the standard (bottom) formulations for the Pushing case. 
4.3 Computational Cost 
The enhanced strain accuracy of the mixed formulation is the result of considering six 
strain components at each node as unknowns, additionally to the three displacement com-
ponents that are considered in standard finite elements. The higher number of nodal var-
iables increases the computational cost of each numerical iteration. On the other hand, 
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the enhanced accuracy of the mixed formulation in high non-linear problems usually leads 
to less iterations for reaching equilibrium convergence compared with the standard for-
mulation. 
Table 2 presents the computational overhead using the mixed formulation instead of the 
standard one in terms of CPU time and RAM memory requirements. Regarding the sizes 
of the models, the brick and the stone structure are composed by 7428 and 6931 nodes, 
respectively. The results show an average increase of 300 % for the CPU time and 42 % 
of RAM memory. 
The computational efficiency is a key for the simulation of large-scale masonry structures. 
A way to reduce the computational cost of the mixed FE formulation is by taking ad-
vantage of the compatibility between mixed and standard finite elements as presented in 
Benedetti et al. [52]. In particular, mixed finite elements can be used only at zones where 
high stress gradients are expected, while the rest of the structure can be discretized using 
standard finite elements. Apart from this, the adaptive substitution of standard finite ele-
ments with mixed ones in areas with increasing strain gradients during the numerical 
analysis is feasible. 
 
Table 2 Computational overhead in terms CPU and RAM requirements when using 
mixed finite elements over standard ones 
  Overhead using the mixed FE formulation (%) 
 Case CPU  RAM       
Brick Structure 
Pulling (+X) 182.56 41.11 
Pushing (-X) 231.13 41.76 
Stone Structure 
Pulling (+X) 327.36 42.09 
Pushing(+X) 465.79 42.62 
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5.  Comparative study of mesh-dependence using standard and mixed 
FE 
This section investigates the mesh-dependency of the standard and mixed FE formula-
tions under mixed Mode I and II in-plane (Section 5.1) and out-of-plane (Section 5.2) 
loading. This study complements the one presented in reference [49] where the relative 
performance of standard and mixed FE was analyzed for Mode I cracking. 
5.1 In-plane loading 
The simulation of a shear wall with dimensions of 1 m x 1 m x 0.1 m and a central opening 
of 0.2 m x 0.2 m under in-plane loading is considered. The base of the wall is completely 
constrained while the top is subjected to a simultaneous compressive vertical displace-
ment and a horizontal shearing displacement. The applied incremental displacement ratio 
is ∆𝑢𝑦: ∆𝑢𝑥 = −1: 0.74 until collapse. The expected developing crack angle is different 
from 45º due to the combination of compression and shear. The mechanical parameters 
considered are Young’s modulus 𝐸 = 7.5 𝐺𝑃𝑎, Poisson’s ratio 𝜈 = 0.0, uniaxial tensile 
strength 𝑓𝑡 = 0.35 𝑀𝑃𝑎 and fracture energy 𝐺𝑓 = 5 𝑁/𝑚. The wall is discretized with 
constant strain triangular finite elements of varying sizes and orientations. Analyses are 
performed with the standard and the mixed strain/displacement formulation.  
Figure 14 illustrates the analysis results obtained with fully structured meshes and two 
different element sizes of 33 mm (top row in Figure 14) and 20 mm (middle row in Figure 
14). Crack trajectories obtained with standard FE present a spurious mesh-dependency, 
as they are initially aligned with the vertical direction of the mesh close to the window 
corners and with the diagonal one far of them. The simulations with the mixed FE give 
in both cases cracks with the same direction, independently of the used mesh-pattern and 
element size. The last row of Figure 14 illustrates the deformation of the wall and the 
contour of the maximum principal strains obtained using the mixed FE formulation. 
Figure 15 presents the analysis results using two unstructured meshes with element size 
of 30 mm (top row in Figure 15) and 20 mm (bottom row in Figure 15). As in the case of 
the structured meshes, the standard FE formulation predicts cracks that follow a path des-
ignated by the mesh orientation. On the contrary, the mixed formulation is able to predict 
in all the cases the same crack trajectory independently of the used mesh. Note that in the 
first mesh considered in Figure 15 (top row), with an element size of 30 mm, the computed 
upper-right crack path is similar in the standard and mixed FE formulations because the 
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mesh is well oriented with respect to the developing crack. Contrariwise, the lower-left 
crack path is not identical because the unstructured mesh orientation is not favorable in 
that region. 
 
Figure 14 Mesh-dependence study for in-plane loading using structured meshes with varying 
element size: (a) damage contours using standard FE (left) and mixed FE (right) and (b) maximum 
principal strains using mixed FE (deformed shape x 300). 
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Figure 15 Mesh-dependence study for in-plane loading and unstructured meshes with varying 
element size: damage contours using standard FE (left) and mixed FE (right). 
5.2 Out-of-plane loading 
A wall with the same geometry and properties as the one in the previous section is sub-
jected now to out-of-plane loading. A displacement in the out-of-plane direction of the 
wall of 5·10-3 m is prescribed to at the top of the wall, while the base is fixed. For this 
case, no compressive vertical displacement is applied. 
Simulations are performed using standard and mixed finite elements. Two different 
meshes of hexahedra of size 50 mm x 50 mm are considered, with 2 (top row of Figure 
16) and 4 elements (middle row of Figure 16) across the thickness, respectively.  
The computed results with standard FEs (left column of Figure 16) demonstrate that for 
both meshes cracking appears across the whole thickness at the top and bottom of the 
wall. For the same out-of-plane action, the mixed formulation gives a solution where 
damage does not cross yet the whole thickness of the wall. The enhanced strain accuracy 
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given by the mixed FE formulation succeeds in simulating the expected tension-compres-
sion state at the top and bottom parts of the wall induced by the out-of-plane bending. 
This situation, commonly encountered in masonry structures, cannot be accurately repro-
duced using standard finite elements. This is because with standard FE gives stiffer results 
than those obtained with the mixed FE and stiffer than the “true” solution (see [48]). 
Therefore, the computed effective stresses are greater with the standard FE and damage 
originates earlier. As shown in Figure 16, the over-stiffness of standard FE is not allevi-
ated when refining the mesh only across the thickness. As a result, a failure condition that 
refers to sliding and not bending is predicted, which does not correspond to the analysed 
problem. The last row of Figure 16 illustrates the deformation of the wall and the contour 
of the maximum principal strains for the out-of-plane collapse mechanism using mixed 
FEs. 
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Figure 16 Mesh-dependence study for out-of-plane loading with varying element size per wall 
thickness: (a) damage contours using standard FE (left) and mixed FE (right) and (b) maximum 
principal strain using mixed FE (deformed shape x 300). 
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6.  Conclusions 
This work presents the application and assesses the performance of the mixed strain/dis-
placement FE formulation on the out-of-plane response of two unreinforced masonry 
structures. The use of the mixed FE formulation aims to enhance the strain accuracy of 
the finite element solution and aid the mesh-independent strain localization in crack prop-
agation problems.  
A campaign of a brick and a stone structure subjected to shaking table tests is chosen as 
benchmark case, being one of the most challenging topics in the simulation of unrein-
forced masonry structures. The effect of the seismic action is considered in the numerical 
analysis through equivalent non-linear static analyses. The simulations are compared with 
the experimental outcomes in terms of collapse mechanism formation and load carrying 
capacity.  
The results of the performed analyses are in good agreement with the experiments. The 
numerical simulations could capture the in-plane response and early failure of the weak 
return walls, the torsional effects associated with this failure and the out-of-plane collapse 
of the façades. Moreover, the damage pattern and collapse mechanism are also correctly 
predicted and a good agreement has been found for the load carrying capacity. Differ-
ences between the experimental and numerical outcomes are attributed either to micro-
scale phenomena, or to the dynamic and accumulating nature of the experiment, which 
are neglected in the numerical simulations. 
The enhanced accuracy of the mixed formulation is highlighted by comparing the results 
obtained with the standard irreducible FE formulation. The standard formulation presents 
higher stiffness and peak load strength, while significant residual strength is observed at 
the softening region, since some developing cracks are biased by the mesh orientation. 
Specifically for one of the investigated cases, the mesh-biased solution of the standard 
formulation results in the prediction of a different collapse mechanism than the experi-
mental one. On the other hand, the results of the mixed formulation do not appear to suffer 
from any mesh dependency, justifying their benefits in crack propagation analysis of un-
reinforced masonry structures, albeit their higher computational cost. 
The above superiority of the mixed formulation against the standard one in strain locali-
zation problems is corroborated through a mesh-dependence study using both the mixed 
and standard FE simulation on two benchmark in-plane and out-of-plane problems. The 
standard formulation predicts crack trajectories that are biased by the orientation of FE 
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mesh for all the situations analyzed. On the other hand, mixed FE provide much more 
reliable results, which seem to be practically free of mesh-bias and avoid incorrect pre-
dictions of the structural response, the damage pattern and the collapse mechanism of the 
structure. 
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